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This paper deals with functionally bounded sets of a topological group which are G,-dense in 
their closure in the bilateral completion of the group. We prove that the functionally bounded 
sets with this property coincide, for topological groups, with a kind of functionally bounded sets 
introduced by Isiwata: the hyperbounded sets. We prove that when B is a hyperbounded set of a 
topological group G which has a G,-open subset dense in B, then B has only one compatible 
uniformity, the one inherited from G. We also prove that for any functionally bounded G,-open 
subset A of a topological group G, the space cl,A belongs to the Frolik’s class 9, i.e., the 
Cartesian product of cl,A by any pseudocompact space is a pseudocompact space. As a 
consequence we get that every compact topological group is the Stone-Cech compactification of 
any of its G,-dense subsets. 
Keywords: Topological group; Hyperbounded set; Pseudocompact space; Stone-tech compacti- 
fication; G,-open set; P-embedded set; C-embedded set. 
AMS CMOS) Subj. Class: 22A99, 54C50, 54B99, 54C50. 
1. Introduction and preliminaries 
A subset A of a space X is called functionally bounded (in X) if each 
continuous real-valued function on X is bounded on B. The first reference we 
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know about this definition is Buchwalter 141 although this concept appears with a 
different (equivalent) definition in Noble [17] (see also [2,3]). This class of sets have 
many relevant properties in the context of topological groups which makes them 
especially interesting for investigation. Let us quote some of them: (1) Comfort and 
Ross have proved that the Cartesian product of a family of pseudocompact 
topological groups is a pseudocompact topological group [9, Theorem 1.41. (2) The 
same authors have proved that in a pseudocompact topological group any continu- 
ous function is uniformly continuous and they apply this result to identify the 
Stone-tech compactification of a pseudocompact topological group [9, Theorem 
4.11. (3) TkaCenko has generalized these results by showing that the Cartesian 
product of a family of functionally bounded sets in topological groups is a 
functionally bounded subset of the product topological group. He has also proved 
that every continuous function in a topological group is uniformly continuous when 
it is restricted to any functionally bounded subset [19, Theorems 2.2 and 2.271. (4) 
Finally, Trigos-Arrieta has identified the Stone-Tech compactification of the 
closure of a functionally bounded open subset of a locally bounded topological 
group. He has also proved that arbitrary Cartesian products of sets of this class are 
pseudocompact [201. 
This paper deals with the functionally bounded sets of a topological group 
which are G,-dense in their closure in the bilateral completion of the group. We 
prove that the functionally bounded sets with this property coincide, for topologi- 
cal groups, with a kind of functionally bounded sets introduced by Isiwata in [15]. 
Following Buchwalter [5], we call these sets hyperbounded. 
We notice that most of the properties quoted above can be either generalized or 
improved for any hyperbounded set which has a G,-open subset dense in it. Along 
this line, we prove that when B is a hyperbounded set of a topological group G 
which has a G,-open subset dense in B, then B has only one compatible 
uniformity, the one inherited from G. We deduce that if g denotes the bilateral 
completion of G then PB = cl,-B. 
We also prove that for any functionally bounded G,-open subset A of a 
topological group G, the space cl,A belongs to the Frolik’s class 9 [13, Theorem 
3.61, i.e., the Cartesian product of cl,A by any pseudocompact space is a 
pseudocompact space. 
As a consequence we get that every compact topological group is the Stone-Tech 
compactification of any of its G,-dense subsets. Some relevant examples are also 
given. 
Our terminology and notations are standard and most of them have been taken 
from [7]. All the spaces under consideration are assumed to be Tychonoff and all 
topological groups are Hausdorff. N will denote the set of all natural numbers. 
According to TkaEenko [19, Definition 2.191 a subgroup H of a topological 
group G is said to be admissible, if there exists a sequence {U,: n E N} of open 
neighbourhoods of the identity such that U,-’ = U,, U,‘,i c U, for all n E N and 
H = n{U,: n E N}. It can be easily seen that any admissible subgroup of G is a 
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G,-set closed in G and that each G,-set containing the identity includes some 
admissible subgroup. 
A space X is said to be topologically complete (DieudonnC complete) when it is 
complete in its finest compatible uniformity (see [12, 8.5.13; 8, Theorems 2.1 and 
2.71). TkaEenko has proved in [19, Lemma 2.211 that if G is a topological group 
and H is an admissible subgroup, the coset space G/H is Dieudonnt complete. 
C(X) will denote the ring of all real-valued continuous functions. If g E C(X), 
Z(g) will denote the zero-set of g, i.e., Z(g) is the set {x EX: g(x) = 0). Given a 
subspace Y of X we say that Y is C-embedded (respectively P-embedded, C”-em- 
bedded) in X when every real-valued continuous function (respectively continuous 
pseudometric, real-valued bounded continuous function) defined on Y can be 
continuously extended to X. 
2. Hyperbounded sets in topological groups 
A subset B of a topological space is said to be hyperbounded in X when 
inf{f(x): x E B} > 0 for all f~ C(X) which is positive on B. 
This concept was introduced by Isiwata in [15], the denomination of hyper- 
bounded was given by Buchwalter in [5]. 
Every pseudocompact set is hyperbounded and every hyperbounded set is 
functionally bounded. It is known that these inclusions are strict in the category of 
Tychonoff Hausdorff spaces, even for closed sets [15, p. 4601, and, in general, the 
product of two hyperbounded sets of a space X need not be hyperbounded in 
XXX. For example, if X is a pseudocompact space such that XXX is not 
pseudocompact [14,9.151 then we can easily prove the X XX is not hyperbounded 
in XXX. 
In the category of topological groups the situation is better. We give a character- 
ization of the hyperbounded subsets of a topological group which we can deduce 
that if A, is a hyperbounded subset of a topological group G,, (Y E I, then 
II{A a: LY E I) is a hyperbounded subset of Il(G,: (Y E I}. We finish this section by 
giving some examples in topological groups, which separate the different classes of 
functionally bounded sets. 
Given a subset B of a topological space X we say that B is G,-open in X when 
for any point x: E B, there is a G,-set in X (i.e., a set which is the intersection of a 
countable family of open sets), U, such that x E U L B. 
We say that B is G,-dense in X when every G,-set in X intersects B. 
Lemma 1. Let B and X be two subsets of a topological space Y such that B c X and B 
is hyperbounded in X. Then B is G,-dense in cl,B. 
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Proof. Let y E cl,B\B and suppose that there is a G,-set I/ in Y such that y E I/ 
and I/n B = 0. Then there is f~ C(Y) with fa 0, y E Z(f) and Z(f) c I/. 
Let g =f I x, we have that g], > 0 and 
inf{g(x): XEB} =0 
which is a contradiction. 0 
Let G be a topological group, we denote by P/L (respectively gLR) the left 
(respectively bilateral) uniform structure on G. (g’, gLr,) denotes the uniform 
completion of the uniform space (G, VLR). It is known [18, Theorems 10.12(c) and 
10.15] that ?? is a topological group which is not a complete topological group in 
general. 
A space X is said to be a p-space when every functionally bounded set in X is 
relatively compact. It is known that every Dieudonne complete space is a p-space. 
Theorem 2. Let A be a functionally bounded subset of a topological group G. The 
following assertions are equivalent: 
(a) A is hyperbounded. 
(b) A is G,-dense in cl,A, with (K, 7) a uniform space such that G c K and 
Y- IG 2 ?JL. 
(c) A is G,-dense in c~,~A. 
Proof. (a) 3 (b) This is a consequence of Lemma 1. 
(b) d (c) This is clear, as gL,I, > gL. 
(c) d (a) Let us suppose that A is not hyperbounded in G. Then, there is 
f E C(G), f 2 0, such that inf{f(x): x EA) = 0 and flA > 0. 
Since A is a functionally bounded subset of G and f E C(G), by [19, Corollary 
2.291, it follows that fiA is uniformly continuous with respect to the uniform 
structure induced by ?/,a on A. Thus, f can be continuously extended to cl,A 
which is the completion of A with respect to 2(,,),. 
Given that .!7 is Dieudonne complete, we have that cl,A is a compact set. Thus 
cl,A is C-embedded in 5? and, hence, we can find g E C(F), g > 0, so that 
fl.4 =gl,. 
For this mapping g we have that inf{g(x): x E cl,A) = 0. As cl,A is compact, 
we also have that Z(g) n cl,A # @. Since Z(g) nA = Z(fia> = @, it follows that A 
is not G,-dense in cl,A. 0 
Comfort and Trigos-Arrieta [lo], and Trigos-Arrieta [21, Theorem 8.21 have a 
similar result to Theorem 2 in the following sense: If A is a precompact space 
containing an open (in G) dense subspace, then Theorem 2 remains true. One 
could conjecture that Theorem 2 perseveres if we delete the word functionally in 
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it. The following remark shows that this is not the case. It was kindly communi- 
cated to us by Trigos-Arrieta. 
Remark (Trigos-Arrieta). Let X be a locally pseudocompact Abelian group with 
completion Y such that Y\X# @, and now let G = Yf (i.e., with the biggest 
totally bounded topology such that the identity i : Y -+ Y+ is continuous). Evidently 
A =X+ (=Xc Y’> is precompact in G, and by [lo], or [21, Theorem 8.21 it is 
G,-dense in G. But since G cannot be pseudocompact 1221, and A is dense in G, it 
cannot be functionally bounded in G. 
Let {G,: cy E A} be a collection of topological groups. We denote by %!& to the 
bilateral uniform structure on G, for all (Y E A. If G is the product group 
FI(G,: (Y E A} and %rR is the bilateral uniformity on G, then it is known that 
pLR = II%& [18, Proposition 3.351. 
On the other hand, TkaEenko has proved [19, Theorem 2.21 that for any 
collection {A,: CL E A) of functionally bounded subsets such that A, E G, for all 
(Y E A, it is satisfied that lII{A,: LY E A) is a functionally bounded subset of G. 
We can apply these remarks and the theorem above to obtain: 
Corollary 3. Let (G,: (Y E A} be a family of topological groups and let A, be a 
hyperbounded subset of G, for all CY E A. Then, n( A,: (Y E A) is a hyperbounded 
subset of n{G,: (Y E A). 
We end this section by giving some examples which separate the class of 
hyperbounded sets from the class of functionally bounded sets and from the class 
of pseudocompact sets in the context of topological groups. 
Let X be a space. We denote by F(X) the free topological group generated by 
X (see [7, $2.3 and $9.201 for definition). It is known that X is a closed 
C-embedded subset of F(X). 
Example 4. Let X be a pseudocompact space which is not a countably compact 
space [12, Example 3.10.291. Then X contains a closed (discrete) subset A which is 
not hyperbounded [1.5, p. 4601. A is functionally bounded in X, since this space is 
pseudocompact. 
As X is a C-embedded closed subset of F(X), it follows that A is a functionally 
bounded closed subset of F(X) which is not hyperbounded. 
Example 5. Let 2 be a nonpseudocompact zero set subset of a pseudocompact 
space X (for example, the (discrete) subset D of the space V given in 114, Pr. 5.11). 
Z is a hyperbounded subset of X by [1.5, Theorem 2.1(2)]. Since X is a closed 
subset of F(X), it follows that Z is a hyperbounded closed subset of F(X) which 
is not pseudocompact. 
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3. G,-open functionally bounded sets 
In the examples above we have seen that we can say very little about the specific 
properties of the functionally bounded sets of a topological group if we do not 
relate these functionally bounded subsets with the topology of the topological 
group. 
In this section we consider G,-open functionally bounded sets which, as it will 
be seen, have many specific interesting features. 
Let us remember that a pseudocompact space X is said to be in the Frolik’s 
class Z@ when its Cartesian product with any other pseudocompact space is a 
pseudocompact space. Frolik [13, Theorem 3.61 characterized the pseudocompact 
spaces in the class 55’ as follows: 
A pseudocompact space X belongs to B’ when for all infinite family of pairwise 
disjoint open subsets of X, there is a countable subfamily (U,,: II E N} which 
satisfies ( * >, where 
for all filters (F) of infinite subsets of N, 
It is known 16, Proposition 4.2; 20, Theorem 41 that if A is an open functionally 
bounded set in a topological space X, then cl,A is pseudocompact. This result 
can be considerably improved in the context of topological groups. In the proof we 
follow the patterns given by TkaEenko in [19, Lemma 2.101. 
Theorem 6. Let G be a topological group, if A is a functionally bounded G,-open 
subset of G, then cl, A belongs to the Frolik ‘s class s’. 
Proof. Let {U,: n E N) be a sequence of nonempty open subsets of cl,A and let W, 
be an open subset of G such that W, n cl,A = U, for all n E N. Let x, E U, n A 
for all n E N. Since A is G,-open in G, there is a family of G,-open subsets of G, 
{V,: n E N), such that V, contains the identity e of G and x,V, G W, nA L U,, nA 
for all n E N. 
Let S be an admissible subgroup of G such that S c n{V,: n E N} and let 
r : G + G/S be the quotient mapping from G onto G/S. Since G/S is Dieudonne 
complete and x(A) is functionally bounded we have that T = cl,,,r(A) is a 
compact space. Consequently, for every filter .9 of infinite subsets of N we have 
n cl,( nQ$x,,s)] f @. 
FEY 
As r is an open mapping and rr-‘(r(x,,S)) =x,S for all n E N we deduce that 
n 
FE.9 
cl,( 
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Given that x,S cxnV, G U, nA for all IZ E N, it follows that 
n 
FE9 
c&4( u K) +@. 
i?GF 
This proves that cl,A belongs to the Frolik’s class ~3’. 0 
The proof above also works for the following result, which will be used later in 
this paper. 
Proposition 7. Let A be a G,-open functionally bounded subset of a topological group 
G. Zf (2,: n E N) is an infinite sequence of nonempty G,-subsets of G which are 
included in A, then there is an element x E cl, A which is a closure point of the 
sequence (2,: n E N}, i.e., every neighbourhood of x intersects infinite many members 
of the sequence (2,: n E N}. 
Comfort and Ross proved in [9, Theorem 1.51 that any real-valued continuous 
function defined on a pseudocompact topological group is uniformly continuous. 
TkaEenko spread the Comfort and Ross’s theorem to functionally bounded sets in 
topological groups [19, Theorem 2.271. He proved that if d is a continuous 
pseudometric on a topological group G and B is a functionally bounded subset of 
G, then d is uniformly continuous on B. 
In the following theorem we consider a hyperbounded set containing some 
dense G,-open subset in order to improve the results above. Our proof follows the 
pattern given by de Vries in [ll]. Let e be the identity element of a topological 
group G, we denote by N(e) the neighbourhood’s filter of e. 
Theorem 8. Let G be a topological group, B any hyperbounded set of G containing 
some G,-open subset A dense in B and let (X, d) be a pseudometric space. If f is any 
continuous function from B to X, then f is uniformly continuous with respect to the 
uniformity induced by sTY~ on B. 
Proof. We proceed by contradiction. Let us suppose that there is E > 0 such that 
for all U E_&“(e) there are xU, y, E B with 
X;‘Y,E U and d(f(x,), f(y,)) > e. 
We assume that xU, yU belong to A, since A is dense in B. 
We are going to define, by induction, sequences of points {x,: n E N), {y,: n E 
N), open neighbourhoods of the identity l&i,: n E N}, admissible subgroups {N,,: n 
E N} and, for any n E FV, a sequence of open neighbourhoods of the identity 
{Uz: m E N) which verifies the definition of admissible subgroups for N,,, satisfy- 
ing: 
(1) x,’ Y, E K-l, 
(2) d(f(x,), f(yJ > E, 
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(3) u, = un-‘, u; zu,_,, 
(4) x,N,, GA, y,N,, GA, 
(5) if x E (xjUn> r? B and y E (yjUnn) n B for 1 <j <n then 
d(f(xI, fCxj>> < $ d(f(Y), f(Y,)) < f; df(x), f(YN>F, 
(6) U,, c_ U,’ n U,” n . . . n U;, 
We set U,, = G, we choose x,, y, E A so that 
x;‘Y, E C: and d(f(x,), f(y,)) >E 
and we choose I’~Jtr(e) such that if x E (x,V> n B and y E (y,V) n B then 
d(f(x), f(x,>> < 1, d(.f(Y), f(y,N < 1, dfh), f(YN>E. 
On the other hand, as A is G,-open in G, there is an admissible subgroup 
N, = n{UA: m E l+J} such that 
x,N, CA and y,N, CA. 
We choose U, so that 
u,’ = u,, U,‘+, G Or,, and Ii, c V. 
Let us suppose that xk, yk, U,, Nk have been defined for all k such that 
1< k < n. We choose x,+ ,, y,+, belonging to A so that xi: ,y,+ 1 E U, and 
d(f(x n+,)? f(Y,+,)) > E. 
Let V E M+(e) be such that if x E (xjV> n B and y E (y,V) n B for 1 <j < n + 1 
then 
d(f(x), f(Y)) b.5. 
As A is G,-open in G, there is an admissible subgroup N,, 1 such that 
x n+l N,,, CA, Y,+,N,~+, CA. Let N,,, = n{U;“: m E iW), where (Uz+‘: m E RJ} 
is a sequence of open neighbourhoods of the identity which verifies the definition 
of admissible subgroup for N,,, ,. We choose U, + , so that 
lJn-+,, = u n+,, U~+,cU, and U,,+,~VnU~+,nU~+,n ... nu,“,‘,,. 
It is easily verified that (l)-(6) hold. 
Let N be the admissible subgroup n {c’,: n E N}. We have that H 2 n {N,: II E 
FV), thus x,H CA, y,H CA for all 12 E RJ. 
Since A is a G&-open functionally bounded subset of G, we deduce that A XA 
is a G,-open functionally bounded subset of G x G. By theorem 6, cl, .<;(A X A) 
is a pseudocompact subset of G X G, with A X A c B x B c cl, x o( A x A). 
The sequence {x, H x y, H: n E W} is a sequence of G,-sets which are included 
in A x A. By Proposition 7, there is a point (x,, yO> E cl,,,(A x A) which is a 
closure point of the sequence (x,N x y,H: II E hl}. 
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Since, by Corollary 3, B X B is hyperbounded and (x0, yo) E cl,,,(B X B), by 
Lemma 1, we deduce that (x,H x y,,H)fl(B X B) # @, i.e., there are a E H and 
b E H such that (~,a, yob) E B X B. 
Let p =x,a and q = y,b. Given that Ha c H and Hb c H, we have that (p, q> 
is a closure point of {x, H X yn H: n E N} and, hence, of the family {(x,U,) n B X 
(y,U,) f’ B: n E N}. 
If (x, y> E {(x~U,J n B x (y,U,> n B: n E N) then d(f(x), f(y)) > E. As f is 
continuous on B, we deduce that d(f(p), f(q)) > F. 
On the other hand, as (p, q) is a closure point of (x,H X y,H: n E N), we 
deduce that p-lq is a closure point of (Hx;‘y,H: n E N}. For each II E N we have 
that 
Hx,+‘zY,+z HcHUn.,HcU,3,&Un. 
Thus n mE:NM3(U mcnt~{fin:z~n+z H})} c H and, consequently p ~ ‘q E H. 
Let (~~~a,: 6 E A} be a net in U(x,H: n E N} which converges to q. The net 
{,~,~a,p-‘q) c U(x,H: n E N} and converges to q. 
From the way in which H has been constructed, we have that 
d(f(%J? fk,4) =d(f(%lg)l f(%Q%P-‘q)) = 0. 
By the continuity of f we have that 
d(f(p), f(q)) = “fi” d(f(x,8a8)J f(x,8a8p-‘q)) =O. 
This contradiction completes the proof. 0 
Corollary 9. With the same hypothesis on A and B as in the theorem above. If d is a 
continuous pseudometric on B, then d is uniformly continuous with respect to the 
uniformity induced on B by YJL, i.e., there is just one compatible, topological group 
uniformity on B, which is the finest uniformity on B. 
Corollary 10. Let G be a topological group and let B be a functionally bounded set in 
G which contains a G,-open subset A dense in B. The following assertions are 
equivalent: 
(a) B is hyperbounded. 
(b) B is pseudocompact. 
(c) B is C-embedded in G. 
(d) B is C-embedded in c~,~B. 
(e) B is P-embedded in G. 
(f> B is P-embedded in c~,~B. 
Proof. (a> * (d) Let f be a continuous real-valued function defined on B. By 
Theorem 8, f is uniformly continuous with respect to the uniformity induced on B 
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by gi/,. Hence, f is uniformly continuous with respect to the uniformity induced by 
z! rn. Since g is the completion of G with respect to the uniformity %rn, we 
deduce that f has a continuous extension to c~,~B. 
(d) d (f) B is C-embedded in c~,~B which is a compact set. By [l, Theorem 
15.161, it follows that B is P-embedded in c~,~B. 
(f) * (e) Given that F is a Dieudonne complete space and B is functionally 
bounded in 9, we have that cI,~B is compact. Thus cI,~B is P-embedded in g 
and, as a consequence, B is P-embedded in F. 
(e) * (cl This follows from [l, Theorem 14.7, 15.21. 
(c) j (b) and (b) =$ (a) are obvious. 0 
Remark. Examples 4 and 5 show that the requirement B contains a G,-open subset 
A dense in B cannot be dropped in the corollary above. These examples can be 
slightly modified in order to prove directly that the sets A and Z in Examples 4 
and 5 respectively, do not contain any G,-open subset. The proof is the same in 
both examples, so we can restrict ourselves to Example 4. 
Let Y be a space containing at least a point which is not a G,-open subset and 
let X and A be as in Example 4. We define Z as the topological sum of X and Y 
and consider F(Z), the free topological group generated by Z. It follows, as in 
Example 4, that A is a closed functionally bounded subset in F(Z) which is not 
hyperbounded. 
Suppose A contains a dense subset G,-open in F(Z). Since A is a discrete set, 
every singleton in A must be a G,-open set (in F(Z)). Thus every singleton in 
F(Z) is a G,-open set, since F(Z) is a topological group. This fact contradicts our 
assumption about the space Y and the proof is complete. 
In the sequel, the symbol PX denotes the Stone-tech compactification of the 
space X. 
Corollary 11. Let K be a compact topological group and let A be any G,-dense subset 
of K. Then K=pA. 
Proof. Let f E C*(A). We apply Lavrentieff’s theorem (see [16]) to obtain a G,-set 
B of K so that A c B and f can be continuously extended to B. Thus, we can 
assume that f E C*(B). Since B is a G,-open hyperbounded subset of K, by 
Corollary 11(d), B is C-embedded in K, i.e., f has a continuous extension to K. 
Therefore PA = K. q 
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